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Power Series for Solutions of the 3DDD-Navier-Stokes
System on R3
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In this paper we study the Fourier transform of the 3D-Navier-Stokes System
without external forcing on the whole space R3. The properties of solutions
depend very much on the space in which the system is considered. In this paper
we deal with the space �(α,α) of functions v(k) = c(k)

|k|α where α = 2 + ε, ε >

0 and c(k) is bounded, supk∈R3
� 0 |c(k)| < ∞. We construct the power series

which converges for small t and gives solutions of the system for bounded
intervals of time. These solutions can be estimated at infinity (in k-space) by
exp{−const

√
t |k|}.
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1. THE SPACES �(α,α) AND THE RULING PARAMETER FOR THE

NAVIER-STOKES SYSTEM IN �(α,α)

Consider 3D-Navier-Stokes System (NSS) on R3 for incompressible free
fluids. After Fourier transform and an elementary transformation it becomes
a non-linear non-local equation for an unknown function v(k, t) with
values in R3 having the form

v(k, t) = e−t |k|2 v(k,0) + i

∫ t

0
e−|k|2(t−s) ds

·
∫

R3
〈 k, v(k −k′, s) 〉Pk v(k′, s) dk′ . (1)
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The function v(k, t) must satisfy the condition v(k, t)⊥ k for any k ∈
R3, k �=0 and t �0, Pk is the orthogonal projection to the subspace orthog-
onal to k, the viscosity is taken to be one, i.e., ν =1. Classical solutions of
(1) on [0, t0] are functions v(k, t),0 � t � t0, for which all integrals in (1)
converge absolutely and (1) becomes the identity.

There are several reasons by which it is natural to consider (1) in
the spaces of functions having singularities near k = 0 or k = ∞. In this
paper, we restrict ourselves to the spaces of functions v(k) = c(k)

|k|α where
α=2+ε, ε >0 and sufficiently small, c(k) is continuous everywhere outside
k =0 and uniformly bounded, i.e., supk∈R3

� 0 |c(k)| =‖ c ‖<∞ (see refs. 1
and 7). If the solution of (1) belongs to �(α,α) then v(k, t) = c(k,t)

|k|α ,0 �
t � t0, c(k, t)⊥ k for any k ∈R3

� 0, t � 0, and c(k, t) satisfies the equation
which is equivalent to (1):

c(k, t) = e−|k|2t c(k,0) + i|k|α
∫ t

0
e−|k|2(t−s) ds

·
∫

R3

〈k, c(k −k′, s) 〉 Pk c(k′, s) dk′

|k −k′|α · |k′|α . (2)

It is easy to check that for typical c∈�(α,α) the initial condition has infi-
nite energy and enstrophy.

Assume that ‖c(k,0)‖ = 1 and take one-parameter family of initial
conditions cA(k,0)=Ac(k,0) where A is a parameter taking positive val-
ues. In ref. 1 the local existence theorem for solution of (2) was proven.
Below we outline this proof and show that if λ=A · tε/2 �λ0 where λ0 is
an absolute constant which may depend on α, then there exists the unique
solution of (2) on the corresponding time interval.

Usual arguments are based on the classical iteration scheme. Put
c
(0)
A (k, t)=Ae−|k|2t c(k,0) and

c
(n)
A (k, t) = c

(0)
A (k, t) + i|k|α

∫ t

0
e−|k|2(t−s) ds

·
∫

R3

〈 k, c
(n−1)
A (k −k′, s) 〉Pk c

(n−1)
A (k′, s) dk′

|k −k′|α · |k′|α . (3)

The first step in the proof of the convergence of the iterations c
(n)
A (k, t)

as n→∞ is to show that all c
(n)
A (k, t) remain close to c

(0)
A (k, t) in the sense

of the norm in �(α,α). If c
(n)
A = sup 0� s�t

k∈R3
� 0

|c(n)
A (k, s)| then we would like to
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show that c
(n)
A � 2c

(0)
A = 2A for all n. By induction and with the use of (3)

we can write

c
(n)
A � c

(0)
A + sup

k∈R3
�0

0�s�t

|k|α−1 · (1 − e−|k|2t ) · (c
(n−1)
A )2 ·

∫
dk′

|k −k′|α · |k′|α .

(4)

The last integral satisfies the inequality

∫
R3

dk′

|k −k′|α · |k′|α � B1

|k|2α−3
. (5)

Here and below the letter B with indices is used for various absolute con-
stants which appear during the proofs. These constants may depend on α.

Now, we have to show that

sup
k

|k|2−α(1− e−|k|2t ) · (c
(n−1)
A )2 · B1 � c

(0)
A .

By induction c
(n−1)
A �2c

(0)
A . Therefore we have to show that

sup
k

|k|2−α(1− e−|k|2t ) · 4 ·B1 · c
(0)
A B1 �1 .

Consider two cases.

1. |k|2 � 1
t
. Then

|k|2−α(1− e−|k|2t ) � |k|4−α · t � t−
4−α

2 +1 = t
ε
2 .

2. |k|2 � 1
t
. Then

|k|2−α · (1− e−|k|2t ) � |k|2−α � t
α−2

2 = t
ε
2 .

Thus we can write

c
(n)
A � A · +4A2 · (c(0))2 · t

ε
2 B1 = A(1 + 4A · t

ε
2 B1) = A(1 + 4B1λ) .
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We used the fact that c(0) =c
(0)

1 � 1. If λ< 1
4B1

then c
(n)
A �2c

(0)
A . This argu-

ment shows how the parameter λ arises.
The next step in the proof of the existence of solutions is to show that

the iterations c
(n)
A converge to a limit. We have from (3)

c
(n)
A (k, t)− c

(n−1)
A (k, t) = i |k|α ·

∫ t

0
e−|k|2(t−s) ds

·
[∫

R3

〈k, c
(n−1)
A (k −k′, s) − c

(n−2)
A (k −k′, s) 〉Pk c

(n−1)
A (k′, s) dk′

|k −k′|α · |k′|α

+
∫

R3

〈 k, c
(n−2)
A (k −k′, s) 〉Pk (c

(n−1)
A (k′, s)− c

(n−2)
A (k′, s)) dk′

|k −k′|α · |k′|α
]

and

|c(n)
A (k, t) − c

(n−1)
A (k, t)| � 4A · ‖ c

(n−1)
A − c

(n−2)
A ‖

·|k|α−1 (1− e−|k|2t )
∫

R3

dk′

|k −k′|α · |k′|α . (6)

From (5) and (6)

‖c(n)
A − c

(n−1)
A ‖� 4AB1 · ‖c(n−1)

A − c
(n−2)
A ‖

· sup
k∈R3

�0
|k|α−1 (1− e−|k|2t ) · 1

|k|2α−3
.

The same arguments as before give that

sup
k∈R3

�0
|k|α−1 (1− e−|k|2t ) · 1

|k|2α−3
� B2 · t

ε
2 .

Therefore, for some constant B3

‖c(n)
A − c

(n−1)
A ‖� B3 · λ · ‖ c

(n−1)
A − c

(n−2)
A ‖ .

From the last inequality it follows that if λ is less than some absolute
constant then the iteration scheme converges and gives the desired solu-
tion. Thus λ is really a ruling parameter in the current situation. The main
purpose of this paper is to construct a general power series in λ which
provides the solution of (2) with the given initial condition.
Write down the solution of (2) with the initial condition A ·c(k,0),‖c(k,0)‖
�1, in the form
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cA(k, t) = A

⎛
⎝c(k,0)e−t |k|2 +

∫ t

0
e−(t−s)|k|2 ∑

p�1

λp hp(k, s) ds

⎞
⎠

= A

⎛
⎝c(k,0)e−t |k|2 +

∑
p�1

Ap

∫ t

0
e−(t−s)|k|2 s

pε
2 hp(k, s) ds

⎞
⎠ (7)

where now λ=A · sε/2. Substituting this expression into (2) we get the sys-
tem of recurrent relations for hp. Below we give the explicit formulas for
h1, h2 and then the general formula for hp,p �3. We have

A2s
ε
2 h1(k, s) = iA2|k|α

∫
R3

〈k, c(k −k′,0)〉Pkc(k
′,0)e−s|k−k′|2−s|k′|2 dk′

|k −k′|α · |k′|α ,

(8)

A3sεh2(k, s)= iA3 · |k|α

·
[∫ s

0
s

ε
2
1 ds1

∫
R3

〈k, h1(k −k′, s1)〉Pkc(k
′,0) · e−(s−s1)|k−k′|2−s|k′|2dk′

|k −k′|α · |k′|α

+
∫ s

0
s

ε
2
2 ds2

∫
R3

〈k, c(k −k′,0)〉Pkh1(k
′, s2) e−s|k−k′|2−(s−s2)|k′|2 dk′

|k −k′|α · |k′|α
]

(9)

and

Ap+1s
pε
2 hp(k, s)= iAp+1 · |k|α ·

[∫ s

0
s

p−1
2 ε

1 ds1

·
∫

R3

〈k, hp−1(k −k′, s1)〉Pkc(k
′,0)e−(s−s1)|k−k′|2−s|k′|2 dk′

|k −k′|α · |k′|α

+
∫ s

0
s

(p−1)ε
2

2 ds2

∫
R3

〈k, c(k −k′,0)〉Pkhp−1(k
′, s2)e

−s|k−k′|2−(s−s2)|k′|2dk′

|k −k′|α · |k′|α

+
∑

p1,p2�1
p1+p2=p−1

∫ s

0
s
p1

ε
2

1 ds1

∫ s

0
s
p2

ε
2

2 ds2

·
∫

R3

〈k, hp1(k −k′, s1)〉Pkhp2(k
′, s2) e−(s−s1)|k−k′|2−(s−s2)|k′|2dk′

|k −k′|α · |k′|α
]

.

(10)
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Use the following Ansatz: hp(k, s)= s
ε
2 |k|αgp(k

√
s, s) and in all inte-

grals above make the change of variables: s1 = s · s̃1, s2 = s · s̃2, k
√

s =
k̃, k′√s = k̃′. Thus hp(k, s) = sε/2|k|α gp(k̃, s). Instead of (8)–(10) we shall
get the system of recurrent relations for the functions gp(k̃, s):

A2sε |k|α ·g1(k̃,s)=iA2 ·|k|α · sε

∫
R3

〈k̃,c
(

k̃−k̃′√
s

,0
)
〉P

k̃
c
(

k̃′√
s
,0

)
e−|k̃−k̃′|2−|k̃′|2dk̃′

|k̃−k̃′|α · |k̃′|α

or

g1(k̃, s)= i

∫
R3

〈k̃, c
(

k̃−k̃′√
s

,0
)
〉P

k̃
c
(

k̃′√
s
,0

)
e−|k̃−k̃′|2−|k̃′|2dk̃′

|k̃ − k̃′|α · |k̃′|α , (11)

A3s
3ε
2 · |k|αg2(k̃, s)= iA3 · |k|αs

3ε
2

[∫ 1

0
s̃ε

1 ds̃1

·
∫

R3

〈k̃, g1((k̃ − k̃′)
√

s̃1, ss̃1)〉Pk̃
c
(

k̃′√
s
,0

)
e−(1−s̃1)|k̃−k̃′|2−|k̃′|2dk̃′

|k̃′|α

+
∫ 1

0
s̃ε

2 ds̃2

∫
R3

〈k̃, c
(

k̃−k̃′√
s

,0
)
〉g1(k̃

′√s̃2, ss̃2)e
−|k̃−k̃′|2−(1−s̃2)|k̃′|2dk̃′

|k̃ − k̃′|α

⎤
⎦

or

g2(k̃,s)=
∫ 1

0
s̃ε

1 ds̃1

∫
R3

〈k̃,g1((k̃− k̃′)
√

s̃1,s · s̃1)〉·Pk̃c
(

k̃′√
s
,0

)
e−(1−s̃1)|k̃−k̃′|2−|k̃′|2dk̃′

|k̃′|α

+
∫ 1

0
s̃ε

2 ds̃2

∫
R3

〈k̃,c
(

k̃−k̃′√
s

,0
)
〉Pk̃ g1

(
k̃′√s̃2,ss̃2

)
e−|k̃−k̃′|2−(1−s̃2)|k̃′|2dk̃′

|k̃− k̃′|α .

(12)

For general gp(k̃, s),p �3
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Ap+1 · s p+1
2 ·ε |k|α ·gp(k̃, s)= iAp+1 · s

p+1
2 ·ε · |k|α

[∫ 1

0
s̃

p
2 ε

1 ds̃1

·
∫

R3

〈k̃, gp−1((k̃ − k̃′)
√

s̃1, s · s̃1)〉Pk̃
c
(

k̃′√
s
,0

)
e−(1−s̃1)|k̃−k̃′|2−|k̃′|2dk̃′

|k̃′|α

+
∫ 1

0
s̃

pε
2

2 ds̃2

∫
R3

〈k̃, c
(

k̃−k̃′√
s

,0
)
〉P

k̃
gp−1(k̃

′√s̃2, ss̃2)e
−|k̃−k̃′|2−(1−s̃2)|k̃′|2dk̃′

|k̃ − k̃′|α

+
∑

p1�1,p2�1
p1+p2=p−1

∫ 1

0
s̃

(p1+1)ε

2
1 ds̃1

∫ 1

0
s̃

(p2+1)ε

2
2 ds̃2

∫
R3

〈k̃, gp1((k̃ − k̃′)
√

s̃1, ss̃1))〉

·P
k̃
gp2(k̃

′√s̃2, ss̃2) · e−(1−s̃1)|k̃−k̃′|2−(1−s̃2)|k̃′|2dk̃′

or

gp(k̃, s)= i

[∫ 1

0
s̃

pε
2

1 ds̃1

·
∫

R3

〈k̃, gp−1((k̃ − k̃′)
√

s̃1, ss̃1)〉Pk̃
c
(

k̃′√
s
,0

)
e−(1−s̃1)|k̃−k̃′|2−|k̃′|2dk̃′

|k̃′|α

+
∫ 1

0
s̃

pε
2

2 ds̃2

∫
R3

〈k̃, c
(

k̃−k̃′√
s

,0
)
〉P

k̃
gp−1(k̃

′√s̃2, ss̃2)e
−|k̃−k̃′|2−(1−s̃2)|k̃′|2dk̃′

|k̃ − k̃′|α

+
∑

p1,p2�1
p1+p2=p−1

∫ 1

0
s̃

(p1+1)ε

2
1 ds̃1

∫ 1

0
s̃

(p2+1)ε

2
2 ds̃2

∫
R3

〈k̃, gp1((k̃ − k̃′)
√

s̃1, s · s̃1)〉 .

· P
k̃
gp2(k̃

′√s̃2, ss̃2) · e−(1−s̃1)|k̃−k̃′|2−(1−s̃2)|k̃′|2 dk̃′
]

. (13)

These recurrent relations allow to express each gp(k
√

s, s) through the ini-
tial conditions c(k,0). It is easy to see that this expression will be the
sum of not more than bp 4p-dimensional integrals containing products of
c(·,0) with different values of the arguments where b is some constant. We
shall discuss the related questions in another paper.

Write down the inequality:

|gp(k̃, s)| � Cp f (|k̃|) e
− |k|2s

p+1 = Cp f (|k̃|) e
− |k̃|2

p+1
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where

f (x) =
⎧⎨
⎩

x 0 � x � 1,

x−1 x � 1.

The main result of this paper is the following theorem.

Main Theorem. The numbers Cp can be chosen in such a way that

Cp = B
∑

p1+p2 =p−1

Cp1 · Cp2 · (p1 +1)(p2 +1)

(p +1)
. (14)

We prove the main theorem in Section 2. First we analyze p =1,2,3
and then the general case p >3. We use the identity

a1|k −k′|2 + a2|k′|2 = a1a2

a1 +a2
|k|2 + (a1 +a2)

∣∣∣∣k′ − a1

a1 +a2
k

∣∣∣∣
2

, (15)

valid for arbitrary k, k′.
It follows easily from (14) that Cp grow no faster than exponentially

(see Section 3), Cp �b1b
p

2 for some constants b1, b2 <∞ depending on α.

Corollary. If Atε/2 < b−1
2 then the series (7) converges for every k ∈

R3
� 0.

It is interesting to remark that all but one of the terms of the series
(7) have finite energy and enstrophy.

Other expansions for the NSS which are formal can be found in the
monographs.(4,5) General approach to the existence problem for the NSS
is discussed in ref. 3.

2. PROOF OF THE MAIN THEOREM

The proof goes by induction. First we derive the needed inequalities
for g1(k̃, s). Using (11), (15) and the inequality |c(k,0)|�1 we can write

|g1(k̃, s)| � |k̃|
∫

R3

e−|k̃−k̃′|2−|k̃′|2dk̃′

|k̃ − k̃′|α · |k̃′|α = |k̃| e− 1
2 |k̃|2

∫
R3

e−2|k̃′− 1
2 k̃|2dk̃′

|k̃ − k̃′|α · |k̃′|α .

(16)

For the last integral we have simple estimates:
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(1) if |k̃|�1 then

∫
R3

e−2|k̃′− 1
2 k̃|2dk̃′

|k̃ − k̃′|α · |k̃′|α � B1

|k̃|2α−3

and therefore

|g1(k̃, s)| � B1

|k̃|2ε
e− 1

2 |k̃|2 ; (17)

(2) if |k̃|�1 then

∫
R3

e−2|k̃′− 1
2 k̃|2 dk̃′

|k̃ − k̃′|α · |k̃′|α � B2

|k̃|2α

and

|g1(k̃, s)| � B2

|k̃|2α−1
e− 1

2 |k̃|2 . (18)

Thus

|g1(k̃, s)| � B3 e− 1
2 |k̃|2 f1(|k̃|), (19)

where

f1(x) =
⎧⎨
⎩

x−2ε if 0< x < 1,

x−(2α−1) if x � 1 .

In the same manner we estimate |g2(k, s)|. Using (12) and (15) we write

|g2(k̃, s)|

� B3|k̃|
[∫ 1

0
s̃ε

1 ds̃1·
∫

R3

f1(|k̃−k̃′|√s̃1) e− 1
2 |k̃−k̃′|2 s̃1−(1−s̃1)|k̃−k̃′|2−|k̃′|2dk̃′

|k̃′|α

+
∫ 1

0
s̃ε

2 ds̃2

∫
R3

f1(|k̃′|√s̃2) e−|k̃−k̃′|2−(1−s̃2)|k̃′|2− 1
2 s̃2 · |k̃′|2dk̃′

|k̃ − k̃′|α

]
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� B3|k̃| e− |k̃|2
3

[∫ 1

0
s̃ε

1 ds̃1

∫
R3

f1(|k̃ − k̃′|√s̃1) e− 3
2 |k̃′− 1

3 k̃|2 dk̃′

|k̃′|α

+
∫ 1

0
s̃ε

2 ds̃2

∫
R3

f1(|k̃′|√s̃2) e− 3
2 |k̃′− 1

3 k̃|2 dk̃′

|k̃ − k̃′|α

]
.

We shall estimate only the first integral in the square brackets, the second
one can be estimated in the same way. Again, consider two cases.

(1) |k̃|�1. It is easy to see that

∫ 1

0
s̃ε

1 ds̃1

∫
R3

f1(|k̃ − k̃′|√s̃1) e− 3
2 |k̃′− 2

3 k̃|2 dk̃′

|k̃′|α � B4

if ε is sufficiently small.

(2) |k̃|� 1. In this case we shall change the order of integration and
consider

∫
R3

e− 3
2 |k̃′− 1

3 k̃|2 dk̃′

|k̃′|α

⎡
⎣ 1

|k̃ − k̃′|2ε

∫ min
(

1, 1
|k̃−k̃′|2

)

0
ds̃1

+ 1

|k̃ − k̃′|3+2ε

∫ 1

min
(

1, 1
|k̃−k̃′|2

) 1

s̃3+ε
1

ds̃1

⎤
⎦

=
∫

|k̃−k̃′|�1

e− 3
2 |k̃′− 1

3 k̃|2 dk̃′

|k̃′|α · |k̃ − k̃′|2+2ε
+

∫
|k̃−k̃′|�1

e− 3
2 |k̃′− 1

3 k̃|2 dk̃′

|k̃′|α |k̃ − k̃′|2ε

� B5

|k̃|4+3ε
+ B6 e− 1

6 |k̃|2 � B7

|k̃|4+3ε

and we write

|g2(k̃, s)| � B9 f2(|k̃|) e− |k̃|2
3 , (20)

where

f2(x) =
⎧⎨
⎩

x if 0 � x �1,

1
x3+3ε if x � 1 .
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Consider now g3. The estimates which we shall derive here will be
enough general so that later using the induction we shall be able to
analyze gp,p >3.

It follows from (13) that

g3(k̃, s)= i

[∫ 1

0
s̃

3ε
2

1 ds̃1

∫
R3

〈k̃, g2((k̃ − k̃′)
√

s̃1, ss̃1)〉 ·P
k̃
c
(

k̃′√
s
,0

)
e−(1−s̃1)|k̃−k̃′|2−|k̃′|2dk̃′

|k̃′|α

+
∫ 1

0
s̃

3ε
2

2 ds̃2

∫
R3

〈k̃, c
(

k̃−k̃′√
s

,0
)
〉P

k̃
g2

(
k̃′√s̃2, ss̃2

)
· e−|k̃−k̃′|2−(1−s̃2)|k̃′|2 dk̃′

|k̃ − k̃′|α

+
∫ 1

0
s̃ε

1 ds̃1

∫ 1

0
s̃ε

2 ds̃2

∫
R3

〈k̃, g1((k̃ − k̃′)
√

s̃1, s · s̃1)〉Pk̃
g1(k̃

′√s̃2, ss̃2)

· e−(1−s̃1)|k̃−k̃′|2−(1−s̃2)|k̃′|2 dk̃′
]

and

|g3(k̃, s)|

� |k̃|
⎡
⎣B9

⎛
⎝

∫ 1

0
s̃

3ε
2

1 ds̃1

∫
R3

f2(|k̃ − k̃′|√s̃1) · e−(1−s̃1)|k̃−k̃′|2− s̃1
3 |k̃−k̃′|2−|k′|2dk̃′

|k̃′|α

+
∫ 1

0
s̃

3ε
2

2 ds̃2

∫
R3

f2(|k̃′|√s̃2) e−|k̃−k̃′|2−(1−s̃2)|k̃′|2−s̃2
|k̃′|2

3 dk′

|k̃ − k̃′|α

⎞
⎠

+B3

∫ 1

0
s̃ε

1 ds̃1

∫ 1

0
s̃ε

2 ds̃2

∫
R3

f1(|k̃ − k̃′|
√

s̃1) · f1(|k̃′|
√

s̃2)

· e−(1−s̃1)|k̃−k̃′|2− s̃1
2 |k̃−k̃′|2 −(1−s̃2)|k̃′|2− s̃2

2 · |k̃′|2dk′
]

� B10 · |k̃| · e− |k̃|2
4 ·

[∫ 1

0
s̃

3ε
2

1 ds̃1

∫
R3

f2(|k̃ − k̃′|√s̃1) e− 4
3 |k̃′− 1

4 k̃|2dk̃′

|k̃′|α

+
∫ 1

0
s̃

3ε
2

2 ds̃2

∫
R3

f2(|k̃′|√s̃1) e− 4
3 |k̃′− 3

4 k̃|2 dk̃′

|k̃ − k̃′|α

+
∫ 1

0
s̃ε

1 ds̃1

∫ 1

0
s̃ε

2 ds̃2

∫
R3

f1(|k̃ − k̃′|
√

s̃1) f1(|k̃′|
√

s̃2) e−|k̃′− 1
2 k̃|2 dk̃′

]
.
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Again we consider two cases.
Case 1. |k̃| � 1. This is a simple case.

We have to estimate

∫ 1

0
s̃

3ε
2

1 ds̃1

∫
R3

f2(|k̃ − k̃′|√s̃1) e− 4
3 |k̃′− 3

4 k̃|2 dk̃′

|k̃′|α

+
∫ 1

0
s̃

3ε
2

2 ds̃2

∫
R3

f2(|k̃′|√s̃1) e− 4
3 |k̃′− 1

4 k̃|2 dk̃′

|k̃ − k̃′|α

+
∫ 1

0
s̃ε

1 ds̃1

∫ 1

0
s̃ε

2 ds̃2

∫
R3

f1(|k̃ − k̃′|
√

s̃1) f1(|k̃′|
√

s̃2) · e−|k̃′− 1
2 k̃|2 dk̃′.

It is easy to see that the last expression is less than some constant depend-
ing on ε, i.e., on α which we shall denote by B11. This estimate is enough
for our purposes.

Case 2. |k̃|�1. First we estimate

I1 =
∫ 1

0
s̃

3ε
2

1 ds̃1

∫
R3

f2(|k̃ − k̃′|√s̃1) e− 4
3 |k̃′− 1

4 k̃|2 dk̃′

|k̃′|α .

We have

I1 =
∫

|k̃−k̃′|�1

e− 4
3 |k̃′− 1

4 k̃|2 dk̃′|k̃ − k̃′|
|k̃′|α

∫ 1

0
s̃

3ε
2 + 1

2
1 ds̃1

+
∫

|k̃−k̃′|�1

e− 4
3 |k̃′− 1

4 k̃|2 dk̃′

|k̃′|α

[
|k̃ − k̃′|

∫ 1
|k̃−k̃′|2

0
s̃

3ε
2 + 1

2
1 ds̃1

+ 1

|k̃ − k̃′|3+3ε

∫ 1

1
|k̃−k̃′|2

s̃
− 3

2
1 ds̃1

⎤
⎦ � B11

|k̃|α

+B12

∫
|k̃−k̃′|�1

e− 4
3 |k̃′− 1

4 k̃|2 dk̃′

|k̃′|α · |k̃ − k̃′|2+3ε
� B13

|k̃|α .

The integral

I2 =
∫ 1

0
s̃

3ε
2

2 ds̃2

∫
R3

f2(|k̃′|√s̃1) e− 4
3 |k̃′− 3

4 k̃|2 dk̃′

|k̃ − k̃′|α

is estimated in the same way.
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It remains to estimate

I3 =
∫ 1

0
s̃ε

1 ds̃1

∫ 1

0
s̃ε

2 ds̃2

∫
R3

f1(|k̃ − k̃′|
√

s̃1) · f1(|k̃′|
√

s̃2) e−|k̃′− 1
2 k̃|2 dk̃′ .

Consider four cases.

(a1) |k̃ − k̃′|√s̃1 �1, |k̃′|√s̃2 � 1 or

0 � s̃1 � min
(

1,
1

|k̃ − k̃′|2
)

, 0 � s̃2 � min
(

1,
1

|k̃′|2
)

.

Using (19) we can write

∫
R3

|k̃ − k̃′|−2ε · |k̃′|−2ε e−|k̃′− 1
2 k̃|2 dk̃′

∫ min
(

1, 1
|k̃−k̃′|2

)

0
ds̃1 .

∫ min
(

1, 1
|k̃−k̃′|2

)

0
ds̃2 �

∫
R3

|k̃ − k̃′|−2−2ε · |k̃′|−2−2ε e−|k̃′− 1
2 k̃|2 dk̃′ � B14

|k̃|4+4ε
.

(a2) |k̃ − k̃′|√s̃1 �1, |k̃′|√s̃2 � 1 or

min
(

1,
1

|k̃ − k̃′|2
)

� s̃1 � 1, 0 � s̃2 � 1

|k̃′|2 .

In this case, only the integration over the domain |k̃′ − k̃| � 1 has meaning.
We can write using (19)

∫
|k̃′−k̃|�1

e−|k̃′− 1
2 k̃|2 dk̃ · 1

|k̃ − k̃′|3+2ε |k̃′|2ε
·
∫ 1

1
|k̃−k̃′|2

ds̃1

s̃
3/2
1

·
∫ 1

|k̃′|2

0
ds̃2

� B15 ·
∫

|k̃−k̃′|�1

|k̃′| · |k̃ − k̃′| e−|k̃′− 1
2 k̃|2 dk̃′

|k̃ − k̃′|3+2ε · |k̃′|2+2ε
� B16

|k̃|4+4ε
.

(a3) |k̃− k̃′|√s̃1 �1, |k̃′|√s̃2 �1. The estimates are the same as in (a2).
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(a4) |k̃ − k̃′|√s̃1 �1, |k̃′|√s̃2 >1 or

min
(

1

|k̃ − k̃′|2 ,1
)

� s̃1 �1, min
(

1

|k̃′|2 ,1
)

� s̃2 � 1 .

The integration is meaningful if |k̃ − k̃′| � 1, |k̃′| � 1. We can write
using (13)

∫
|k̃−k̃′|�|

|k̃|�1

e−|k̃′− 1
2 k̃|2 dk̃′

|k̃′ − k̃|3+2ε · |k̃′|3+2ε

∫ 1

1
|k̃−k̃′|2

s̃
− 3

2
1 ds̃1

∫ 1

1
|k̃′|2

s̃
− 3

2
2 ds̃2 �

B ′
17

|k̃|4+4ε
.

Collecting all the estimates we can write

|g3(k̃, s)| � B18 · f3(|k̃|) e− |k̃|2
4 , (21)

where

f3(x) =
⎧⎨
⎩

x 0 � x � 1,

1
x1+ε x � 1 .

Now we consider general p >3 (see (13)) and use the induction. Our
inductive assumption says: for 2<q <p

|gq(k̃, s)| � Cq f (|k̃|) e
− |k̃|2

p+1 ,

where Cq are some constants,

f (x) = fq(x) =
⎧⎨
⎩

x 0 � x � 1,

x−1 x � 1.
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For q =1,2,3 the inductive assumptions were checked. We have (see (13))
|gp(k̃, s)|

� |k̃|
[∫ 1

0
s̃

pε
2

1 ds̃1 ·
∫

R3

|gp−1((k̃ − k̃′)
√

s̃1, ss1)| e−(1−s̃1)|k̃−k̃′|2−|k̃′|2 dk̃′

|k̃′|α

+
∫ 1

0
s̃

pε
2

2 ds̃2

∫
R3

|gp−1(k̃
′√s̃2, ss̃2)|e−|k̃−k̃′|2−(1−s̃2)|k̃′|2 dk̃′

|k̃ − k̃′|α

+
∑

p1,p2�1
p1+p2=p−1

∫ 1

0
s̃

(p1+1)ε

2
1 ds̃1

∫ 1

0
s̃

(p2+1)

2 ε

2 ds̃2

·
∫

R3
|gp1(|k̃ − k̃′|

√
s̃1, ss̃1)| |gp2(k̃

′√s̃2, ss̃2)| e−(1−s̃1)|k̃−k̃′|2−(1−s̃2)|k̃′|2 dk̃′
]

.

Using the inductive assumption and (15) we write
|gp(k̃, s)|

� |k̃|

⎡
⎢⎣Cp−1

∫ 1

0
s̃

pε
2

1 ds̃1

∫
R3

e
− s̃1|k̃−k̃′|2

p
−(1−s̃1)|k̃−k̃′|2−|k̃′|2

fp−1 (|k̃ − k̃′|√s̃1) dk̃′

|k̃′|α

+Cp−1

∫ 1

0
s̃

pε
2

2 ds̃2

∫
R3

e
−|k̃−k̃′|2−(1−s̃1)|k̃′|2 − s̃2

p
|k̃′|2

fp−1(|k̃′|√s̃1) dk̃′

|k̃ − k̃′|α

+
∑

p1,p2�1
p1+p2=p−1

Cp1Cp2

∫ 1

0
s̃

(p1+1)

2 ε

1 ds̃1

∫ 1

0
s̃

(p2+1)

2 ε

2

∫
R3

dk̃′ fp1(|k̃−k̃′|
√

s̃1)fp2(|k̃′|
√

s̃2)

· e
− s̃1|k̃−k̃′ |2

p1+1 − (1−s̃1)|k̃−k̃′|2 − s̃2 |k̃′|2
p2+1 − (1−s̃2)|k̃′|2

⎤
⎥⎦

� |k̃|
⎡
⎣Cp−1

∫ 1

0
s̃

pε
2

1 ds̃1

∫
R3

fp−1(|k̃ − k̃′|√s̃1) · e
− |k̃−k̃′|2

p
−|k̃′|2

dk̃′

|k̃′|α

+Cp−1

∫ 1

0
s̃

pε
2

2 ds̃2

∫
R3

e
−|k̃−k̃′|2− |k̃′|2

p fp−1(|k̃′|√s̃1)dk̃′

|k̃ − k̃′|α

+
∑

p1�1,p2�1
p1+p2=p−1

Cp1 · Cp2

∫ 1

0
s̃

(p1+1)

2 ε

1 ds̃1

∫ 1

0
s̃

(p2+1)

2 ε

2 ds̃2

·
∫

R3
fp1(|k̃ − k̃′|

√
s̃1) fp2(|k̃′|

√
s̃2) e

− |k̃−k̃′|2
p1+1 − |k̃′|2

p2+1 dk̃′
⎤
⎦ .



794 Sinai

The estimates below are done for p1, p2 > 1. The case p1 = 1 or p2 = 1
requires trivial changes. We continue

|gp(k̃, s)|

� |k̃| e− |k̃|2
p+1

⎡
⎣Cp−1

∫ 1

0
s̃

pε
2

1 ds̃1

∫
R3

fp−1(|k̃ − k̃′|√s̃1) e
− p+1

p
|k̃′ − 1

p+1 k̃|2
dk̃′

|k̃′|α

+Cp−1

∫ 1

0
s̃

pε
2

2 ds̃2

∫
R3

fp−1(|k̃′|√s̃2) e
− p+1

p
|k̃′− p

p+1 k̃|2
dk̃′

|k̃ − k̃′|α

+
∑

p1�1,p2�1
p1+p2=p−1

Cp1 · Cp2

∫ 1

0
s̃

(p1+1)

2 ε

1 ds̃1

∫ 1

0
s̃

(p2+1)

2 ε

2 ds̃2

·
∫

R3
fp1(|k̃ − k̃′|

√
s̃1) fp2(|k̃′|

√
s̃2) e

− p+1
(p1+1)(p2+1)

|k̃′ − p2+1
p+1 k̃|2

dk̃′
⎤
⎦ . (22)

As before, consider two cases.

Case 1. |k̃| � 1. The function f is bounded from above by 1. Therefore
the first two integrals in the square brackets in (22) are bounded from
above by some constant B19. Concerning the last sum it is not more than

B20

(
(p1+1)(p2+1)

p+1

)1/2
.

Finally we can write

|gp(k̃, s)| � |k̃| e− |k|2
p+1 · B21 ·

∑
p1,p2�0

p1+p2=p−1

Cp1 · Cp2

(
(p1 +1)(p2 +1)

p +1

)1/2

.

(23)

This is the inequality which we need.

Case 2. |k̃|�1. First we estimate the integral

I1 =
∫ 1

0
s̃

pε
2

1 ds̃1

∫
R3

fp−1(|k̃ − k̃′|√s̃1) e
− p+1

p
|k̃′− 1

p+1 k̃|2
dk̃′

|k̃′|α
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Using the form of fp−1 and changing the order of integration we can
write

I1 =
∫

|k̃−k̃′|�1

|k̃ − k̃′| e− p+1
p

|k̃′− 1
p+1 k̃|2

dk̃′

|k̃′|α
∫ 1

0
s̃

1
2 + pε

2
1 ds1

+
∫

|k̃−k̃′|�1

|k̃ − k̃′| e− p+1
p

|k̃′− 1
p+1 k̃|2

dk̃′

|k̃′|α
∫ 1

|k̃−k̃′|2

0
s̃

1
2 + pε

2
1 ds̃1

+
∫

|k̃−k̃′|�1

e
− p+1

p
|k̃′− 1

p+1 k̃|2

|k̃′|α · |k̃ − k̃′|

∫ 1

1
|k̃−k̃′|2

s̃
− 1

2 + pε
2

1 ds̃1

� 2
3+pε

∫
|k̃−k̃′|�1

e
− p+1

p
|k̃′− 1

p+1 k̃|2 |k̃ − k̃′|dk̃′

|k̃′|α

+ 2
3+pε

∫
|k̃−k̃′|�1

e
− p+1

p
|k̃′− 1

p+1 k̃|2
dk̃′

|k̃ − k̃′|2+pε · |k̃′|α

+ 2
1+pε

∫
|k̃−k̃′|�1

e
− p+1

p
|k̃′− 1

p+1 k̃|2
dk̃′

|k̃′|α · |k̃ − k̃′| = I
(1)

1 + I
(2)

1 + I
(3)

1 .

The first integral satisfies the obvious estimate:

I
(1)

1 � B22 e− |k̃|2
2 .

In the integral I
(2)

1 make the shift k̃′ = k̃
p+1 + k̃′′. Then

I
(2)

1 = 2
3+pε

∫
|k̃ p

p+1 −k̃′′|�1

e
− p+1

p
|k̃′′|2

dk̃′′

|k̃ p
p+1 − k̃′′|2+pε · | k̃

p+1 + k̃′′|α
.

Now it is clear that for I
(2)

1 we can write

I
(2)

1 � B23

|k̃|2+pε
.

The estimation of the third integral is the most difficult. Again we write
k̃′′ = k̃′ − 1

p+1 k̃.
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Then

I
(3)

1 = 2
1+pε

∫
| p
p+1 k̃−k̃′′|�1

e
− p+1

p
|k̃′′|2

dk̃′′

| k̃
p+1 + k̃′′|α| p

p+1 k̃ − k̃′′|
.

If p is so large that |k̃|
p+1 �1 then

∫
| p
p+1 k̃−k̃′′|�1

e
− p+1

p
|k̃′′|2

dk̃′′

| k̃
p+1 + k̃′′|α | p

p+1 k̃ − k̃′′|
� B24

|k̃|

and

I
(3)

1 � 2B24

(1+pε)|k̃| � 2B24

ε
· 1

p
· 1

|k̃| � B25

|k̃|2 .

If |k̃|
p+1 � 1 then we take into account the factor 1

| k̃
p+1 + k̃′′|α

and write

∫
| p
p+1 k̃−k̃′′|�1

e
− p+1

p
|k̃′′|2

dk̃′′

| k̃
p+1 + k̃′′|α · | p

p+1 k̃ − k̃′′|
� B26 ·pα

|k̃|α · |k̃| .

Thus

I
(3)

1 � B27 · pα−1

|k̃|α · |k̃| � B28 · |k̃|α−1

|k̃|α · |k̃| = B28

|k̃|2 .

Finally we can write

I1 � B29

|k̃|2 . (24)

This is the estimate which we need.
Consider the integral

I2 =
∫ 1

0
s̃

pε
2

2 ds̃2

∫
R3

fp−1(|k̃′|√s̃2) e
− p+1

p
|k̃′− p

p+1 k̃|2
dk̃′

|k̃ − k̃′|α .

It is reduced to I1 with the help of the change of variables k̃ − k̃′ = k̃′′. Let
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Ip1,p2 =
∫ 1

0
s̃

p1+1
2

1 ds̃1

∫ 1

0
s̃

p2+1
2

2

∫
R3

fp1

· (|k̃ − k̃′|
√

s̃1) fp2(|k̃′|
√

s̃2) e
−

(p+1)|k̃′− p2+1
p+1 k̃|2

(p1+1)(p2+1) dk̃′ .

For p1, p2 >1 we can write Ip1,p2 =
∑4

j=1
I

(j)
p1,p2 where

I (1)
p1,p2

=
∫

|k̃−k̃′|�1,|k̃′|�1
e
− (p+1)

(p1+1)(p2+1)
|k̃′− p2+1

p+1 k̃|2 · |k̃ − k̃′| · |k̃′|dk̃′

·
∫ 1

0
s̃

1
2 + p1+1

2 ε

1 ds̃1

∫ 1

0
s̃

1
2 + p1+1

2 ε

2 ds̃2 .

This integral is different from zero only if |k̃|�2 and in this case the esti-
mates are the same as in the Case 1. In the estimates below we assume
that |k̃|�4. The case |k̃|�4 can be treated in the same way as |k̃|�1. The
cases p1 =1 or p2 =1 need trivial changes.

I (2)
p1,p2

=
∫

|k̃−k̃′|�1,|k̃′|�1
dk̃′e− (p+1)

(p1+1)(p2+1)
|k̃′− p2+1

p+1 k̃|2
⎡
⎣ |k̃′|

|k̃− k̃′|

∫ 1

1
|k̃−k̃′|2

s̃
− 1

2 + p1+1
2 ε

1 ds̃1

·
∫ 1

0
s̃

1
2 + p2+1

2 ε

2 ds̃2 +|k̃− k̃′| · |k̃′|
∫ 1

|k̃−k̃′|2

0
s̃

1
2 + p1+1

2 ε

1 ds̃1

∫ 1

0
s̃

1
2 + p2+1

2 ε

2 ds̃2

⎤
⎦

� B30

∫
|k̃−k̃′|�1,|k̃′|�1

e
− (p+1)

(p1+1)(p2+1)
·|k̃′− p2+1

p+1 k̃|2
dk̃′

·
[

1

|k̃| · (1+(p1 +1)ε)(3+(p2 +1)ε)

+ 1

|k̃− k̃′|2+(p1+1)ε(3+(p1 +1)ε)( 3
2 +(p2 +1)ε)

]
.

Assume that p2 � 1
2 (p −1), i.e. p2 �p1. If p2+1

p+1 · |k̃|�2 then

I (2)
p1,p2

� B31

|k̃| · (p1 +1)(p2 +1)
� B32

|k̃| · (p +1)(p2 +1)
� 2 ·B32

|k̃|2(p2 +1)2
� B33

|k̃|2 .
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If p2+1
p+1 |k̃| �2 then e

− (p+1)
(p1+1)(p2+1)

|k̃′− p2+1
p+1 k̃|2 � e

− (p2+1)|k̃|2
4(p1+1)(p+1) . Denote

z1 = (p2+1)|k̃|
p+1 .

Then

I (2)
p1,p2

� B34 e− 1
8 z2

1 ·
[

1

|k̃| · z1

|k̃|(p2 +1)3/2
+ B35

|k̃|2+(p1+1)ε

]

� B35
e− 1

8 z2
1 · z1

|k̃|2 � B36

|k̃|2 .

If p2 � 1
2 (p −1) then

I (2)
p1,p2

�B37e
− (p2+1)

(p1+1)(p+1)
|k̃|2 ·

[
1

|k̃|(p1 +1)(p2 +1)
+ 1

|k̃|2+(p1+1)ε(p1 +1) · (p2 +1)

]

�B37e
− |k̃|2

3(p1+1) · |k̃|√
p1 +1

[
1

|k̃|2√
p1 +1 ·p + 1

|k̃|3+(p1+1)ε ·√p1 +1 · (p2 +1)

]

� B38

|k̃|2 .

It follows from all these estimates that I
(2)
p1,p2 � B39

|k̃|2 . This estimate is also
valid if p1 or p2 equals 1.

This is the inequality which we need.
The integral

I (3)
p1,p2

=
∫

|k̃−k̃′|�1,|k̃′|�1
e
− (p+1)

(p1+1)(p2+1)
|k̃′− p2+1

p+1 k̃|2
[

|k̃ − k̃′|
|k̃′|

∫ 1

0
s̃

1
2 + p1+1

2 ε

1 ds̃1

·
∫ 1

1
|k̃′|2

s̃
− 1

2 + p2+1
2 ε

2 ds̃2 +|k̃ − k̃′| |k̃′| ·
∫ 1

0
s̃

1
2 + (p1+1)

2 ε

1 ds̃1

·
∫ 1

|k̃′|2

0
s̃

1
2 + p2+1

2 ε

2 ds̃2

]

can be estimated in the same way as I
(2)
p1,p2 .
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It remains to consider

I (4)
p1,p2

=
∫

|k̃−k̃′|�1, |k̃′|�1
e
− (p+1)

(p1+1)(p2+1)
|k̃′− p2+1

p+1 k̃|2
dk̃′

·
[
|k̃ − k̃′| · |k̃′|

∫ 1
|k̃−k̃′|2

0
s̃

1
2 + p1+1

2 ε

1 ds̃1

·
∫ 1

|k̃′|2

0
s̃

1
2 + p2+1

2 ε

2 ds̃2 + 1

|k̃ − k̃′| · |k̃|
∫ 1

1
|k̃−k̃′|2

s̃
− 1

2 + p1+1
2 ε

1 ds̃1

·
∫ 1

|k̃′|2

0
s̃

1
2 + p2+1

2 ε

2 ds̃2 + |k̃ − k̃′| · 1

|k̃′|

∫ 1
|k̃−k̃′|2

0
s̃

1
2 + p1+1

2 ε

1 ds̃1

·
∫ 1

1
|k̃′|2

s̃
− 1

2 + p2+1
2 ε

2 ds̃2 + 1

|k̃ − k̃′| · |k̃′| ·
∫ 1

1
|k̃−k̃′|2

s̃
− 1

2 + p1+1
2 ε

1 ds̃1

·
∫ 1

1
|k̃′|2

s̃
− 1

2 + p2+1
2 ε

2 ds̃2

⎤
⎦ �

∫

|k̃−k̃′|�1,|k̃|�1

e
− p+1

(p1+1)(p2+1)
· |k̃′− p2+1

p+1 k̃|2
dk̃′

·
[

1

|k̃ − k̃′|2+ p1+1
2 ε |k̃′|2+ p2+1

2 ε
· 2

3+ (p1 +1)ε
· 2

3+ (p2 +1)ε

+ 1

|k̃ − k̃′| · 1

|k̃′|2+ p2+1
2 ε

· 2
1+ (p1 +1)ε

· 2
3+ (p2 +1)ε

+ 1

|k̃ − k̃′|2+ p1+1
2 ε

· 1

|k̃′| · 2
3+ (p1 +1)ε

· 2
1+ (p2 +1)ε

+ 1

|k̃ − k̃′| · |k̃′| · 2
1+ (p1 +1)ε

· 2
1+ (p2 +1)ε

]

� B39

(p1 +1)(p2 +1)

∫
|k̃−k̃′|�1, |k̃′|�1

e
− (p+1)

(p1+1)(p2+1)
· |k̃′− p2+1

p+1 k̃|2
dk̃′

|k̃ − k̃′| · |k̃′| .

(25)

Make the change of variables:

˜̃
k′ =

√
p +1

(p1 +1)(p2 +1)
k̃′, ˜̃

k =
√

p +1
(p1 +1)(p2 +1)

k̃ .
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Then the last expression takes the form

B39√
(p +1)(p1 +1)(p2 +1)

∫
| ˜̃k− ˜̃

k′|�γ ,| ˜̃
k′|�γ

e
−| ˜̃

k′− p2+1
p+1

˜̃
k|2

d
˜̃
k′

| ˜̃k − ˜̃
k′| · | ˜̃k′|

, (26)

where γ =
√

p+1
(p1+1)(p2+1)

. Assume that p2 �p1. Then p2+1
p+1 � 1

2 and

∫
| ˜̃k− ˜̃

k′|�γ ,| ˜̃
k′|�γ

e
−| ˜̃

k′− p2+1
p+1

˜̃
k|2

d
˜̃
k′

| ˜̃k − ˜̃
k′| · | ˜̃k′|

�
∫

R3

e
−| ˜̃

k′− p2+1
p+1

˜̃
k|2

d
˜̃
k′

| ˜̃k − ˜̃
k′| · | ˜̃k′|

.

We can consider p2 �p1. Otherwise we replace ˜̃
k′ by ˜̃

k − ˜̃
k′. There can be

several cases.

(b1) | ˜̃k| = |k̃|
√

p+1√
(p1+1)(p2+1)

� 10. Instead of 10 we could take any suffi-

ciently large number.
In this case

∫
R3

e
−| ˜̃

k′− p2+1
p+1

˜̃
k|2

d
˜̃
k′

| ˜̃k − ˜̃
k′| · | ˜̃k′|

� B40

and from (25) to (26)

I (4)
p1,p2

� B41√
p(p1 +1)(p2 +1)

� 10B41

k̃ · (p +1)3/2
.

In our case p+1
p1+1 �4 and from

|k̃|
√

p+1√
(p1+1)(p2+1)

�10 it follows that |k̃|√
p2+1

�
20 and 1√

p
� 20

|k̃| . Therefore

I (4)
p1,p2

� B42

|k̃|2 . (27)

(b2) | ˜̃k| = |k̃|
√

p+1√
(p1+1)(p2+1)

� 10, | ˜̃
k| · p2+1

p+1 �5.
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In this case

∫
R3

e
−| ˜̃

k′− p2+1
p+1

˜̃
k|2

d
˜̃
k′

| ˜̃k − ˜̃
k′| · | ˜̃k′|

� B42

| ˜̃k|

and since 1
p+1 � 5

| ˜̃k|·(p2+1)
, 1

p1+1 � 2
p+1 � 10

| ˜̃k|(p2+1)
we can write

I (4)
p1,p2

� B39 ·B42√
(p +1)(p1 +1)(p2 +1) · | ˜̃k|

� B43

| ˜̃k|2 · (p2 +1)3/2
� B43

| ˜̃k|2
.

(b3) | ˜̃k| p2+1
p+1 �5 and therefore | ˜̃k| � 10.

In this case the main contribution to the integral comes from ˜̃
k′ ∼ p2+1

p+1
˜̃
k

and therefore

∫
R3

e
−| ˜̃

k′− p2+1
p+1

˜̃
k|2

d
˜̃
k′

| ˜̃k − ˜̃
k′| · | ˜̃k′|

� B44 (p +1)

| ˜̃k| · | ˜̃k| · (p2 +1)
√

(p +1)(p1 +1)(p2 +1)
� B45

| ˜̃k|2
.

Finally we can write

I (4)
p1,p2

� B46

| ˜̃k|2
= B46(p1 +1) (p2 +1)

|k̃|2 · (p +1)

and

Ip1,p2 � B47 · (p1 +1)(p2 +1)

|k̃|2(p +1)
.

Thus (see (23))

|gp(k̃, s)| � e
− |k̃|2

p+1 · 1

|k̃| ·
∑

p1,p2�0
p1+p2=p−1

Cp1 · Cp2 · (p1 +1)(p2 +1)

(p +1)
.

This completes the proof of the theorem.
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3. THE DISCUSSION OF THE RESULTS

First we show that the constants Cp grow not faster then exponen-
tially. Denote C′

p =Cp(p +1). The numbers C′
p satisfy the relation

C′
p = B

∑
p1,p2�0

p1+p2=p−1

C′
p1

C′
p2

.

Using the induction, let us prove that C′
p � B ′(B̃)p · 1

(p+1)3/2 for any

p � 0 and some constant B̃. For p = 0 we can choose B̃. Assuming that
the last inequality is valid for all q <p we can write

C′
p � B · (B̃)p−1

∑
p1,p2�0

p1+p2=p−1

1
(p1 +1)3/2(p2 +1)3/2

�B ·B1 ·(B̃)p−1 · 1
(p+1)3/2

.

Take B̃ =B ·B1. This gives the result.
Now we see that the series (7) converges if λ=A · tε/2 < (B̃)−1.
In many estimates done for the NSS system, people assumed that

solutions v(k, t) at infinity in k satisfy the inequality |v(k, t)| � e−f (t)|k|
which is different from the diffusion-like asymptotics. If this asymptotics
represents the true decay of solutions, it is an interesting question how
does it appear. The series (7) sheds some light on this question. We can
write

|v(k, t)| � Const
|k|α

∑
p�0

B̃p · λp · 1
(p +1)3/2

e
− t |k|2

p+1 .

The usual asymptotical method shows that the largest term in this
last sum is when t |k|2

(pmax+1)2 = − ln(b2λ), i.e. pmax =
√

t ·|k|√
− ln(b2λ)

and the

whole sum behaves as e2pmax ln(b2λ) = e−2
√

t
√

− ln(b2λ) · |k|. This is the as-
ymptotics which was mentioned above. It also shows that in the domain
of convergence of the series the enstrophy of the solution is finite for t >0.

This type of decay of solutions in various situations was obtained ear-
lier in the works.(2,6)

ACKNOWLEDGMENTS

I would like to thank C. Fefferman and V. Yakhot for many use-
ful discussions and remarks. M.Arnold, Dong Li and unanimous ref-
eree proposed many useful corrections. I thank them and S. Friedlander,



Power Series for Solutions 803

N. Pavlovic and E. Siggia for their interest in this work. My deep grat-
itude goes to G. Pecht for her excellent typing of the manuscript. The
financial support from NSF, Grant DMS-0245397 is highly appreciated.

REFERENCES

1. Yu. Yu. Bakhtin, E. I. Dinaburg, and Ya. G. Sinai, About solutions with infinite energy
and enstrophy of Navier-Stokes system, Russian Math. Surveys 59(6):17 (2004).

2. R. Bhattacharya, L. Chen, S. Dobson, R. Guenther, C. Orum, M. Ossiander, E. Tho-
mann, and E. Waymire, Majorizing kernels and stochastic cascades with applications to
incompressible Navier-Stokes equations, TAMS 355(12):5003–5040 (2003).

3. M. Cannone, Harmonic analysis tools for solving the incompressible Navier-Stokes equa-
tions, Handbook of Mathematics and Fluid Dynamics, Vol. 3 (North-Holland, pp. 161–244,
2004).

4. U. Frisch, Turbulence, The Legacy of A. N. Kolmogorov (Cambridge University Press,
296p. 1996).

5. A. S. Monin and A. M. Yaglom, Statistical Fluid Dynamics, Vols. 1 and 2 (MIT Press,
Cambridge, MA, 1971, 1975).

6. M. Oliver and E. Titi, Remark on the rate of decay of higher order derivatives for solu-
tions to the Navier-Stokes equations in Rn, J. Funct. Anal. 172:1–18 (2000).

7. Ya.G. Sinai, On local and global existence and uniqueness of solutions of the
3D-Navier-Stokes systems on R3, in Perspective in Analysis (Springer-Verlag, 2005)
(to appear).



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


