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Power Series for Solutions of the 3D-Navier-Stokes
System on R3
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In this paper we study the Fourier transform of the 3D-Navier-Stokes System
without external forcing on the whole space R?. The properties of solutions
depend very much on the space in which the system is considered. In this paper
we deal with the space ®(«, ) of functions v(k) = T/Efu) where o =2 +¢, € >
0 and c(k) is bounded, sup;.z3 .o lc(k)| < oo. We construct the power series
which converges for small s and gives solutions of the system for bounded
intervals of time. These solutions can be estimated at infinity (in k-space) by

exp{—const +/7|k|}.

KEY WORDS: Navier-Stokes System; Fourier transform; power series.

1. THE SPACES ®(«x,«) AND THE RULING PARAMETER FOR THE
NAVIER-STOKES SYSTEM IN ®(«,o)

Consider 3D-Navier-Stokes System (NSS) on R? for incompressible free
fluids. After Fourier transform and an elementary transformation it becomes
a non-linear non-local equation for an unknown function wv(k,t) with
values in R? having the form

t
vk, t) = otk vk, 0) + i/ o k2= 4
0

~fR3<k,v(k—k’,s)>ka(k’,s)dk’. (1)
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The function v(k,t) must satisfy the condition v(k, ) Lk for any k€
R3,k+0 and 1 >0, P, is the orthogonal projection to the subspace orthog-
onal to k, the viscosity is taken to be one, i.e., v=1. Classical solutions of
(1) on [0, #g] are functions v(k,t),0 <t <tg, for which all integrals in (1)
converge absolutely and (1) becomes the identity.

There are several reasons by which it is natural to consider (1) in
the spaces of functions having singularities near k=0 or k =oo. In this
paper, we restrict ourselves to the spaces of functions v(k) = % where
a=2+¢,e>0 and sufficiently small, c(k) is continuous everywhere outside
k=0 and uniformly bounded, i.e., sup;cp3._o lc(k)| =[cll<oo (see refs. 1
and 7). If the solution of (1) belongs to ®(«,«) then v(k,t) = %,Oé
t <tg,c(k,t) Lk for any ke R3~.0,1>0, and c(k, 1) satisfies the equation
which is equivalent to (1):

t
ek, 1) = e P ek, 0) +i|k|°‘/ ek a=9) g
0

'/R3 (k, ctk =k, s)) Py c(k/,s)dk/. )

|k_k/|0( . |k/|0(

It is easy to check that for typical ¢ € ®(«, @) the initial condition has infi-
nite energy and enstrophy.

Assume that ||c(k,0)| =1 and take one-parameter family of initial
conditions ca(k,0)=Ac(k,0) where A is a parameter taking positive val-
ues. In ref. 1 the local existence theorem for solution of (2) was proven.
Below we outline this proof and show that if A=A -r¢/> <1y where Xg is
an absolute constant which may depend on «, then there exists the unique
solution of (2) on the corresponding time interval.

Usual arguments are based on the classical iteration scheme. Put
Dk, 1y=Ae ¥ ¢(k, 0) and

t
k) =Pk, t)+i|k|“/ e kPU=9) gy
0

/ (kS (k=K' 5)) PSP, s) dk! -
R3 .

|k—k/|°‘ . |k/|a

The first step in the proof of the convergence of the iterations CX’) (k, 1)
as n— oo is to show that all cg”(k, t) remain close to cf) (k, t) in the sense
of the norm in ® (o, ). If cﬁf) =sup o<s<s |ch)(1<, s)| then we would like to

keR3 0
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show that cff) < 2ci?) =2A for all n. By induction and with the use of (3)
we can write

_ kP2 - dk’'
ef’ <’ sup [k (1 — e - e l))2'/|k—k7|a—. e

keR3~0
0<s<t
“4)
The last integral satisfies the inequality
dk’ B
< ()
R k=K@ ke

Here and below the letter B with indices is used for various absolute con-
stants which appear during the proofs. These constants may depend on «.
Now, we have to show that

sup kP=(1 =) - (02 By <.
By induction cxl_l) <2c§f). Therefore we have to show that
sup k21— * 1y 4.8, . VB <1.
Consider two cases.
I |k>< 1 Then
|k|27a(1_€f|klzt) < K|+ _tgf%ﬂ —5
2. |kP>> 1 Then

a—2

2
k=% - (1—e Wy <P <7 =1

(Sl

Thus we can write

<A +44% (¢O)? 15 By = A1 + 44 - 13B)) = A(1 + 4B1).
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We used the fact that ¢© =c§0) <1l.If A< 4%,1 then cgz) <2ch?). This argu-
ment shows how the parameter A arises.

The next stey in the proof of the existence of solutions is to show that
the iterations ¢,  converge to a limit. We have from (3)

t
(")(k H— (" Dk, t) =i k| / LR GOFE
0

/ e, UV k=& 5) =P =K, ) PtV (K, 5) dk'
g [T

. / (k8P k=K ) Peed TV K 9) = 7 K sy K ]
R?

k=K - Tk J
and
e (k1) —e§ 70 kol <44 - e TV =)
Tt ey [ (6)

w =K K]
From (5) and (6)

et — eV I< 4aB ey = G

1
sup  [k[*~1 (1 —e*'klzf) BT
keR0 k2

The same arguments as before give that

[STLY

1
<By-t

sup k1! (1 e s <

keR3\0
Therefore, for some constant B3

”C(n) (n 1)” < B - ” C(” 1) (n—2) ” .

From the last inequality it follows that if A is less than some absolute
constant then the iteration scheme converges and gives the desired solu-
tion. Thus A is really a ruling parameter in the current situation. The main
purpose of this paper is to construct a general power series in A which
provides the solution of (2) with the given initial condition.

Write down the solution of (2) with the initial condition A-c(k, 0), |lc(k, 0)]]
<1, in the form
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t
calk,t) = A [ ek, 0)e= "W +/0 e IKE N AP bk, 5) ds
p=1

t
— A ek, 0)e 1 4 ZAP/ e~ =K B hyk,s)ds | (7)
0
pzl

where now A=A -s¢/2. Substituting this expression into (2) we get the sys-

tem of recurrent relations for h,. Below we give the explicit formulas for
hi, hy and then the general formula for %, p >3. We have

(k, c(k — k', 0)) Pre(k', 0)e—sk—KP=slk'? g1/

)

AZs3h(k,s) = iA2|k|°‘/
R3

[k —K'|* - k|«
(®)
Aok, s) =i A% - k|*
/‘ ld / (k, by (k =K', 51)) Pre (K, 0) - e~ O—sDIk=K B g
A s2as
1 1 R3 |k_k/|a K |k’|‘x
+fs Jd / (k, c(k =K', 0)) Pehy (K, 55) e KK P=G=sn K g/
S S
2 2 R3 |k_k/|a . |k/|a
)

and

s p—1

€ R r_—
AP (ke s) =i APHL L [k UO 5,7 “dsi

/ (k1 (k— K/, 51)) Pre(k', 0)e6—sDIk=K P =sK'[2 gps
e k=K K

e _ k_k/Z_ _ k/2
. /Ss“’z“ ds) f (k. etk =K', 0)) Pehp_1 (K, sp)e”* AT 072K P ap
0’ e — K'je - [k

+ Z / 2ds / sgzidsz

p1.p2 21
p1tpa=p—1
/ (k, hp] (k —k/, Sl)>thp2 (k’, $2) g—(s—sl)|k—k’|2—(s—s2)\k’|2dk/
R3 |k — k| - k"% '

(10)
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Use the following Ansatz: hp(k,s)=s§|k|“gp(kﬁ, s) and in all inte-
grals above make the change of variables: s; =5 51,5 =5 - 5, ks =
k,k'\/s =k'. Thus hp(k,s) = s</?|k|* g,,(Es). Instead of (8)-(10) we shall
get the system of recurrent relations for the functions g, (k,s):

~ K i 22
- (e (EE,0)) Prc(£-,0) e KPR g
Azselkla~g1(k,s)=iA2~|k|°f.SG/ (ﬁ ) (f )
R? k—k'|o - k']

or
~ (évC(E&é/,0>>P§C(£—;,O> —k—k'|—|k Izdk/
als=i VT o
k3 |k — k'l - k|
3 3 o ~ .3 o 3 1~5 ~
sT kg d s =iad s S s
(k, g1((k— K/, s51)) Pre (£=, 0) e~ 1=S0k=K = g7
K\ s
/ |]}/|oz
) Vg1 (' /53, 552)e k=K P=U=) k' g/
/ 55 dsz/
R? k— k'
or

- 1~ . (k gl((k k)\/Ts S1))- Pc([, ) —(1—51)|72—/2,\2—|7y|2d12/
go(k5)= / 5 a5y /

Ik’ |«
P}Egl (kﬁssz)e =k 12 (=3I’ 2 g
/ 55 dszf .
|k—k’|0‘
(12)

For general gp(l;,s), p=3
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1
+1 ~ +1 1)
APHL Sk g (k) =i AP T kg U "d3y
0

(k. g1 (k=K1 5-50) Pre (L. 0) om0 -S0RK PP g
./1;3 |]€/|0¢

| pe L 0)) Prgp1 (K5, sy Ko P-(=50 R Py
[

5.2 dsy
2 |k — k|

I (p1+De 1 (pp+De - - o~
DI e dslf R R SNERE
R,

r1=zlpy>1
p1+py=p-1

- = NI (12~
’Pigpz(k/ /5, 552) e (A=SDIk=K1"=A=5)IK'" 77/

or

- 1 pe
gpk,s)=i |:f 5, ds
0

/ (k. -1 (k= ROV, s3) Pe (2, 0) e -SRI g
|

ke

i (ke (SR 0)) Pgp i (R VG, sipe lFP-(-i gl
+/ §22 d§2/ E—

0 R3 |k — k|

(p1+De 1 (pptDe ~ 5 S 3

+ ) / ’ dslf 5,7 dsz/ (k. gpy (k=F)/51.5-51)

1221 R3

p1t+py=p—1

Py (K52, 557) -~ 1-S0IR ==K dl?} : (13)

These recurrent relations allow to express each g,(ky/s,s) through the ini-
tial conditions c(k,0). It is easy to see that this expression will be the
sum of not more than b” 4p-dimensional integrals containing products of
¢(+, 0) with different values of the arguments where b is some constant. We
shall discuss the related questions in another paper.

Write down the inequality:

k25 k2

lgp(k, $)] < Cp fUlkD e 77T = Cpy f(k) e 74T
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where
fx) =

The main result of this paper is the following theorem.

Main Theorem. The numbers C,, can be chosen in such a way that

Z (p1+D(p2+1)

(14)
p1+p2=p—1

We prove the main theorem in Section 2. First we analyze p=1,2,3
and then the general case p >3. We use the identity

2
aia

a)+ap

k

arlk—k'1> + axlk')? = k1> + (a1 +a2) |k —

, (15
P (15)

valid for arbitrary k, k’.
It follows easily from (14) that C, grow no faster than exponentially
(see Section 3), C, <b1b§ for some constants by, by <oo depending on «.

Corollary. If Ar€/? < by ! then the series (7) converges for every k €
R30.

It is interesting to remark that all but one of the terms of the series
(7) have finite energy and enstrophy.

Other expansions for the NSS which are formal can be found in the
monographs.*> General approach to the existence problem for the NSS
is discussed in ref. 3.

2. PROOF OF THE MAIN THEOREM

The proof goes by induction. First we derive the needed inequalities
for g1(k,s). Using (11), (15) and the inequality |c(k,0)| <1 we can write

o~ k=FK 2=k gfr N —20K =3k g
g1k, )| < |k|/ —Ikle’%'k'z/ < - =
3 Ik ke - ke RY [k —K'|* - K|

(16)

For the last integral we have simple estimates:
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(1) if |k| <1 then

/ 2K =5k g1 B,
—= — < =
R3 |k —Fk'|* - |k'|@ |k|2(x—3

and therefore

- B ~
181k, 5)] < — e 2R (17)

(2) if |k|>1 then

/ e WK =3EP g _ B
R |];_E/|a . |];/|ot = |E|2a

and
~ B L2
g1k, )| < |,;|zj_1@ I, (18)
Thus
~ 1,72 ~
g1k, $)] < Bse 2% £ (kD), (19)
where
x~2% if 0<x <1,
fikx) =

x~Ce=hif x> 1.
In the same manner we estimate |g>(k, s)|. Using (12) and (15) we write

g2k, 5)]
1 LTSRN o sk 25 — (=5 k=K' P~ K12 7
. k—k ) dk
< Bl [/ gfdgl./ Ak=FVED e
0 R3

||

L LR /57y e =K P==5 kK P= 35 K g o1
—I—f S d§2f ——
o 0 e Ik — ke
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i [ k—k W =3H” g
< Bylkle T [/ 5 diy ik —KIV5)e”
0

R3 |k/|0[

1 k/ ; |2 dl;l
+/ sas, [ DEIWRE |
0 R3

k— k|

We shall estimate only the first integral in the square brackets, the second
one can be estimated in the same way. Again, consider two cases.

(1) |k|<1. It is easy to see that

~ ~ _ 3272 o~
/lm fi(k =k /E) e 2K =5k g
0 ! !

<
B3 k| s By

if € is sufficiently small.

(2) |k|>1. In this case we shall change the order of integration and
consider
—3\12 l; / min( 1,—L
/ e 2 dk 1 / ( ’\k—k’|2> d3
R |k/|a |]€_I€/|26 0 !
1 ! e
* |];—];/|3+2€ min(l 1 )§3+6 .
k2 ) U1
B / e 3K =3k gy +/ e 3K =3k gy
B \/2—1€'|>1 ke - |k—k/|2+2€ k<1 k') |k—k/|26
+ Bge 6\1€|2 < i
|k|4+3e = |]€|4+3e
and we write
k2
g2k, $)] < By fo(lkl)e™ & (20)
where
X if 0<x <,

H&x) =

1 .
m 1fx>1.
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Consider now g3. The estimates which we shall derive here will be
enough general so that later using the induction we shall be able to
analyze g,, p > 3.

It follows from (13) that

- L o3
ga(k,s>=i[/0 sl a5,
(k, g2((k — k")\/51, s51)) - (f, )e (A=) IR—FP-IF'2 gjpr
/ |k/|a
- (&, c ))P];gz (kﬁ ssz) o~ =R == gy
/ 5, ds2/
R3 |k — k|

1
+/0 Efdi]/o §§d§2/3<k’g1((k_k/)/E,S~§1))P£g1(k/ﬁ,s§2)
R

o (1=SDIR=K P=(1=52)[K'? d,;,}

and
lg3(k, s)|
k L k—k'|/51) - f<175~|)|127/€/|2,%|,;,,;/|27|k,|2d];/

< |kl | By /512 ds fa( |«/§) e ;

0 R3 |k’|°‘

¥ fz(llE’l«/E)e—"z—/?\z—<1—52>|/€’\2—szMdk,

+ S2 dS2 _ ~/a
0 R3 |k—k |

1 1
+B3f0 5fd§1/0 5§d52/3f1(|k—k/|\/§) WANG)
R
L e e S |k’|2dk]

~ P2 1 3¢ P WISz 7%‘~,7
< B - k|- et / staq [ 20 Vi e
’ R k]
/ S N (I P L L 2
+ S2 dS2 ~ _
0 R3 |k — k')

Har

1 1 o
e f s [ e flwé—%wmf1<|£/|@e—lk—ék2dk’].
0 0 R3
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Again we consider two cases.
Case 1. |k| < 1. This is a simple case.
We have to estimate

/lﬁf [ AUR=RED e IR g
517 dsy =
0 R3 |k«
L (0 pOR|VE) e SR -30P g
+ 5 dsy =
0 R} k— k|

/SldSI/ szdszf AUE—FIVED) AR V) - e F =25 ak’.

It is easy to see that the last expression is less than some constant depend-
ing on ¢, i.e.,, on « which we shall denote by Bjy;. This estimate is enough
for our purposes.

Case 2. |k|>1. First we estimate

/lﬁf k=R 5 e S i

I = 52 ds
0 1 R? |k/|oz

‘We have

—SIK 3R gfk -
zlzf ¢ | '/ s as,
lf—i<1 |k
4,77 172 ~ 1
3K =gk g | . . o7 eyl
+/ ¢ R |k—k’|/'k a5
lk—k'1 > 1 Ll 0

1 1 —3 B11
+m/ AR <

[k—k'|12

e‘%";/‘%’;‘zdl? B3
-l-Blzf~ 3 = — < =
k=R 1 K- [k — k23 ke

The integral

I flz R e SIK =302 g
2:

N d§2
0 2 R k—k|

is estimated in the same way.
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It remains to estimate

1 1 S
b= [ sids [ ssds [ AGR=RIVED - AGE Ve R
0 0 R3
Consider four cases.

(a)) [k—K|/51<1,|kK)v/5 <1 or

1 1
0<§1<min<l —), Ogizgmin(l,~ )
|k'|?

’ |];_];/|2

Using (19) we can write

- - min 1%)
/ k- k|72 . k|72 e—lk’—%k\zdi?/ < 2T g5,
R3 0
min(l,%.,z) L B 5 1t . B
[k—K'| dsy < |k_k/|—2—2e . |k/|—2—2e e—lk — 5kl dv < — 14 )
0 R3 |k|4+4e

(a2) [k—K'|J/5 =1, [K'|J/5 <1 or

1 1
mn(l, —— ) <5 <1, 0<% < —.
< |k—k’|2) |k’|2

In this case, only the integration over the domain |k’ —k| > 1 has meaning.
We can write using (19)

[ ]}

1 . _
12 o~ 1 dSl &2 .
[~~ €‘k kldk'ﬁ'/ ﬂ/ dS2
bk >1 |k —k'[PHee|kr|2e )L 0

k-’12

W) k=R e =352 gfr By
<B15~/~~ T2 . p242e S (fjAtde
k—k(>1 |k —k/|PTee - |k |tee |k|Hae

(a3) |k—k'|v/51<1, |k'|v/32>1. The estimates are the same as in (as).
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(ag) |k—Kk|V/E1 =1, |K|V/5>1 or

1 1
mln(#,l) <§1<1, mln(~—,l) <§2< 1.
|k_k/|2 |k’|2

The integration is meaningful if |k — k| > 1,|k’| > 1. We can write
using (13)

—K=LE2 ;7

I S L D L S T
i — - 5, 2 dsy 5, 2 dsh < —= .
lk—k'1>| |k/_k|3+25 . |k/|3+2e 1 1 |k|4+4e

f=1 &2 &2

Collecting all the estimates we can write

- ~
lg3(k,s)| < Big - f3(lk)e™ (21)
where
X 0<x<1,

Now we consider general p >3 (see (13)) and use the induction. Our
inductive assumption says: for 2<g < p

k(2

g (k. )| < Cy £k e 7T,

where C, are some constants,

fx) = fox) =
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For ¢ =1, 2, 3 the inductive assumptions were checked. We have (see (13))

lgp k. 5)]
. 1 pe N SN —(A=S)lk=K' =1k > g/
i U ; dil-f 18p-1 (R —R)/5, s51)] e

R3

2
R) po
! ||

/1 g f |gp—1 (K'v/52, s5p)le” FFT -0 =W g
+ $2
0 R3

522 ds —
|k —k'|*
1 (py+De 1 (oD
- > -
+ Z /Osl dsl/ 5y dsz

~ ~ o - ~ = - (1S N2 (13N~
-f3|gm(|k—k’|¢s1,ss1)||gp2(ws , $52)] e~ ISV =(=52) K| dk/].
R

Using the inductive assumption and (15) we write

lgp(k, )]
) I pe e e UG e IS S A
< o 57 as [ P
0 R3 k|
e — =R = (=52 — 2| IS d
+Cp_1/ 522 dng € _ _ fp—l(l |\/E)
0 R k— k|
1 ~(p1+1) 1 (pp+D -, - _ - _
+ Y Cplcpzf 5 dS1/ 5 ° f AR’ fp, (K=K 150 f py (1K' 13/52)
Pl 0 0 R3
p1+py=p—1

LR sk - 25 sy

. e p1+1
~ ~ —. 72 ~
N U pe R AN .
< If] C,,,lf 512 45y Sp—1( |\/_12
R3 |k/|oz
'z e FRP=0 R IVEDR
+Cp,1/ 5,7 d§2/ fp 1K' 13/51)
R lk — k')
1 171+1) 1 (p2+1)6
+ > cpl.cm/sl2 ds1/§22 d5;
>1py=1 0 0
I’1+P2 p—1

_,;/‘2 le

- - - _ Ik _ -
f I (k=K' |V31) fp, (K'1V/52) e et maF T qi!
R3
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The estimates below are done for py, pp > 1. The case py=1 or p, =1
requires trivial changes. We continue

lgp (k. s)]
prL L2
< lkle” ‘Pkfl C 1/1 %ds So— 1(k=k'|/51) e K = K g
" R3 |k’|“
&7 i
+C 1~%d~ Sp— 1(|k N p+1 ldk/
p—1 Sy” asa -
0 k3 k— k'
1 (lerl)E 1 (p2+l)
+ Z Cpy 'CPZ/ 51 : d§1/ 52 7 ds2
p1=lpy>1 0 0
p1+py=p-1
’ I)2+1
/ P (R —FIVED) fip (F15)e Tibimen K= 8 g | )

As before, consider two cases.

Case 1. |k| <1. The function f is bounded from above by 1. Therefore
the first two integrals in the square brackets in (22) are bounded from
above by some constant Bjg. Concerning the last sum it is not more than

p +1 p. +1

Finally we can write

(p1+D(pa+ 1))”_

6o < P By YD Gy Cm( =

P1:p2 20
p1t+py=p—1

(23)

This is the inequality which we need.

Case 2. |k| > 1. First we estimate the integral

I =

41
/1 & Sp— (k=K' V5 e — B - Sy kPP di
0

57 d5
R3 |k/|°‘
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Using the form of f,_; and changing the order of integration we can
write

p+1 |k, ]2‘2

|E—£/|€ p+l
L= |
li—k|<1 |k’ |«

Lk 1 1, pe
e r S
+/~ 5 ﬁ\/‘ Sl 202 dSl
lk—k>1 K| - k=K' J L

_rtlig
12 IK'—

2 / e
< -
3+ pe Jii-ki< |k’ |

2 / e 7
+ —— =
3+ pe Jii—i|z1 [k =k )2pe - k|

P P-H |k’ p+1k| dk/
+ / < =10+ 17 + 12
L+ pe izt (k)@ - k—k| : : :

The first integral satisfies the obvious estimate:

[N}

k|
IV < Bype 7.

In the integral 11(2) make the shift k' = % k”. Then

_ptlygn2 <
Ik dv"

2
1@ e

1 y . o - R -
3+ pe Nty kg —R e A+ R

Now it is clear that for 11(2) we can write

1® < Boj
h —_—.
|k|2+pe

The estimation of the third integral is the most difficult. Again we write
kK'=k'— k.
pHI
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Then
_ptlygn2 <
e P [k dr"

k e P '
Rzt ke ke Lk — R

3 _
Il

p+1

If p is so large that % <1 then
+1 . 7n ~
L

/ e 324
P k o P I 1n
k=21 |7 + K1 Sk —k | k|

p+1

and
2B ZB 1 1 B
11(3)< 24 g 1 ng‘
(1+P€)|k| € Pkl kP
If % 1 then we take into account the factor — 1 o and write
p+1 + “
_il T2~
/ e i dk” Byg - p*
AR |y R g =R R R
Thus
Lol L ke—1
11(3)< Bz~7 P« Bz§ Ik|~ 2@.
k|« - |k] [k« - [kl |k|?
Finally we can write
B
I < —23 (24)
|k|
This is the estimate which we need.
Consider the integral
p+1 .7/ 7 -
I fl O (AN D 4
h = K} .
2 &3 Ik — k|«

It is reduced to I; with the help of the change of variables k —k’=k". Let
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1 pr+l 1 pptl
_ 2 )
Ipy.p —f O dsl/ ) / I
0 0 R3

p_Patleo
(p+DIK = Kl

- (k=K' |51) fpy (K1V/352) & @rFDeadD g

4
For pi, po>1 we can write Ip, ,, = Z I;{)pz where
Jj=

>\k’ P +1k‘2

o+
1}(71)11 — / e (p1+l)(p2+l prl
P2 =< 1LIF <1

1 p1+l 1 i+l
At ~ At
/ slz ds1/ 522 2 dsz
0 0

This integral is different from zero only if |k| <2 and in this case the esti-
mates are the same as in the Case 1. In the estimates below we assume
that |k| >4. The case |k| <4 can be treated in the same way as |k|<1. The
cases py=1 or pp=1 need trivial changes.

k=K |k'\dk

(p pa+l 0o 7/ 1 1 pr+1
19 = / di e b W= e k| _IK] / g,
p1,p2 = - ;
lk—k'| 21,1k |<1 |k k | = k/|2
1 [12+1 p1+l 13 py+l
I A k— k| ~ +—e ~ ~yt5—€ .
/ 522 : d52+|k k|- |k/|/‘ 2 ds 1/ 55 7 ds
0 0
(p+1) p_pptlin
k'~ T Kl i

< )_1330/~ i i e Prth(m+h’
[k—k'|Z 1,1k |<1

1
'[|/€| A+ (p1+ DG+ (p2+ De)

1
+— - .
lk—k'|2+P1+De 3+ (p1+1)e) (5 + (p2+1)e)

Assume that ng%(p—l), rLe. pp<p1. If p2+1 - 1k| <2 then

@ < B3 < B3, o 2Bn By
PRk (pr+D(pa+ D) k- (p+D(p2+ 1D kR(p2+ D2 (R



798 Sinai

S il s o D)L
If 2tE>2  th ~ G F - T AP < ~ AT D
SFT |~ | > then e <e . Denote
_ (ptDIk]
=0
Then
_1.2 1 21 B3s
1(2) < Bae 3% . —_ — + —
P1,D2 34 k| |k|(p2+1)3/2 |k|2+(171+1)e
1.2
€_§ZI - Z1 B36
<Bys———< —.
h R
If pp>1(p—1) then
2)
p1.p2
(D)
<B37e_<‘p1+p%7><p+1> |k|2.[ _ ! +— ! }
kl(p1+D(p2+1)  [k[>TP1F+De(pi4+1) - (p2+1)

2
et B[ !
VPi+L kP pr+1p  kPHEEDe/pi+1-(py+1)

B38
IkI2

1(2) BS

It follows from all these estimates that I, ,, < 7 Ig' This estimate is also

valid if p; or py equals 1.
This is the inequality which we need.
The integral

(p+1) z+1 2 / 1+1
16 2/ o~ b IE -2k k — kl/ gt
Prpr Ji-ki< i1 14

1 1, rtl 1 (p1+D
e A+ € -
-/1 Sy 2T S k=K K| / slz 2 ds
- 0

Ik\

can be estimated in the same way as [ ,()%) P2-
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It remains to consider

(p+1) /_ patl
@ [ e P1+DFD Ik~ p+1k dr'
k—=k'|>1, k'] =1

P1.P2
V) 1+l
[“{ kl |k|/‘k k‘ ~2+ dgl

1

72~+P2+1 ~ 1 Y U

TR e g S
0 - J

[I R 1 f=&'12 5+H5—e
ST s -k —F) - R 52T sy
2 |k’| 1

1 1, ol 1 1, Pl
L~ 1 e

] 522 2 d52+—k/. 1 sl 2 2 dSl

e k=& R

1 1, potl p+l1 i ptlio |
5, 5 | < f o PIFDAD K= ST K dv

1

e

lk—k'| > 1,1k| >1

1 2 2
|:|i<' ic'| —elk/|2+ le 3+(171+1)€.3+(p2~|-1)6
1

1 2 2
+ — — .
k—k| B+ He 1+(pi+De 3+ (pa+1)
+ 1 1 2 2
|];_];/|2+MTH€ |];/| 3+(p1+1)€ 1+(p2+1)e
1 2 2 }
lk—k'| -1k’ 14+ (p1+De 14+ (p2+1De
b e pa+1 o~
B39 e P1+D+D p+l1 dk’
<———— — .
(p1+D(p2+ 1D Jji—irj > 1,001 >1 lk—k'| - |k|

(25)

Make the change of variables:

]:g/ — p+1 ];/,
(p1+D(p2+1)

tanll

_ p+1 i
SV (pi+D(p2+ 1)
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Then the last expression takes the form

_ptlio =
e N K g

/: = = = I~ < (26)
k=kNZy K>y |k—K| - |k']

B39
@+ D(pi+D(pa+1)

/ 11 1 _ 1
where y = m. Assume that pr < p;. Then ’;fT <5 an

p_ptlie = __b2tl 72

e W g e g
< .
R3

/lzi—lf/|>y,|lf/|>y k—k'| - k] k=] - [

3

d

We can consider p» < pi. Otherwise we replace k' by k —k’. There can be

several cases.
_Myptl < 10. Instead of 10 we could take any suffi-

b k| =
G M= e

ciently large number.
In this case

12, =
P2 : k|2 s

WA
/ —= =z = Sbw
Rk —k| - K|
and from (25) to (26)
@ By o 10 By

1 < < = .
PEPE = i+ D(pa+ 1) k- (p+1)32

In our case ill <4 and from Kyt <10 it follows that 1 - <
pit V (p1+D(p2+1) A/ P2+l

120
20 and NG < e Therefore

(27)

P— Kt «/P+1>10,|1;|.1;z_:11<5_

kl = >
VDD

(b2)
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In this case

T_ptlio =
e_lk_ +1 Kl

). /
B k=] R

k|
and since % < = 3 , % < % < = 10 we can write
P kl-(pa+1) 1 p IKI(p2+1)
B3g - B, B B
I]()T)pz < 39 42 < 43 < 43

Ot D+ Dt D k| KR (et D2 kP

(b3) |I§| 1;2:11 >5 and therefore |l§| > 10.

In this case the main contribution to the integral comes from &’ ~ ’;2—:]11;
and therefore

/ i
B k—k) k|
< By (p+1) < Bys

K1k - (DA D+ Dt D k12

Finally we can write

;@ < Bas _ Baus(pitD(p2t 1)

p1.py |]§|2 |]€|2 . (P+1)

and

< By - (p1+D(p2+1)

1 < ~
e kI2(p+1)
Thus (see (23))
. 2 (p1+D(p2+1)
lgp(k,s)| <e »+l - — . Cp - S e
b k| mzpz;() e (p+1)
p1+py=p—1

This completes the proof of the theorem.
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3. THE DISCUSSION OF THE RESULTS

First we show that the constants C,, grow not faster then exponen-
tially. Denote C},=Cp(p+1). The numbers C), satisfy the relation

/ / /
C,=8B Z Cp Cpy -

P1.p220
p1tpy=p-1
Using the induction, let us prove that C), < B’(B)”N- G for any

p >0 and some constant B. For p=0 we can choose B. Assuming that
the last inequality is valid for all ¢ < p we can write

C' <B- (B! Y O N
’ p1§>o (P1+ 132 (pr+1)32 (p+1)32
p1+py=p-1

Take B=B- B;. This gives the result.

Now we see that the series (7) converges if A=A /2 < (E)’l.

In many estimates done for the NSS system, people assumed that
solutions v(k,?) at infinity in k satisfy the inequality |v(k, )| < e /@I
which is different from the diffusion-like asymptotics. If this asymptotics
represents the true decay of solutions, it is an interesting question how
does it appear. The series (7) sheds some light on this question. We can
write

1 [k |2

RUES N

p+l1

Const ~
otk Dl < <= D B -7
>0

The usual asymptotical method shows that the largest term in this

) 2 . .
last sum is when (pn:i]:—lﬂ)z = —In(byA), 1.e. pmax = \/% and the

whole sum behaves as e2PmaxIn(2h) — o=2vi/=In(G22) k| This is the as-
ymptotics which was mentioned above. It also shows that in the domain
of convergence of the series the enstrophy of the solution is finite for 7 > 0.

This type of decay of solutions in various situations was obtained ear-
lier in the works.>®
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